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1. Introduction

1.1 General motivation for deforming spacetime

Relativistic quantum field theory is not a fundamental theory, since its formalism leads to
divergencies. In some cases like that of quantum electrodynamics one is able to overcome
the difficulties with the divergencies by applying the so-called renormalization procedure
due to Feynman, Schwinger and Tomonaga. Unfortunately, this procedure is not successful
if we want to deal with quantum gravity. Despite the fact that gravitation is a rather weak
interaction we are not able to treat it perturbatively. The reason for this lies in the fact,
that transition amplitudes of nth order to the gravitation constant diverge like a momentum
integral of the general form [[l]

/pz’“dp, (1.1)

leaving us with an infinite number of ultraviolet divergent Feynman diagrams that cannot
be removed by redefining finitely many physical parameters.



It is surely legitimate to ask for the reason for these fundamental difficulties. It is
commonplace that the problems with the divergences in relativistic quantum field theory
result from an incomplete description of spacetime at very small distances [B]. Niels Bohr
and Werner Heisenberg have been the first who suggested that quantum field theories
should be formulated on a spacetime lattice [[J, f]. Such a spacetime lattice would imply
the existence of a smallest distance a with the consequence that plane-waves of wave-
length smaller than twice the lattice spacing could not propagate. In accordance with the
relationship between wave-length A and momentum p of a plane-wave, i.e.

1

1
A> Amin =22 = XNpgpmaxN_

o (1.2)

it follows then that physical momentum space would be bounded. Hence, the domain of
all momentum integrals in eq. ([[.]) would be bounded as well with the consequence that
momentum integrals should take on finite values.

1.2 g-Deformation of symmetries as an attempt to get a more detailed descrip-
tion of nature

Discrete spacetime structures in general do not respect classical Poincaré symmetry. A
possible way out of this difficulty is to modify not only spacetime but also its corresponding
symmetries. How are we to accomplish this? First of all let us recall that classical spacetime
symmetries are usually described by Lie groups. Realizing that Lie groups are manifolds
the Gelfand-Naimark theorem tells us that Lie groups can be naturally embedded in the
category of algebras [[]. The utility of this interrelation lies in formulating the geometrical
structure of Lie groups in terms of a Hopf structure [f]. The point is that during the
last two decades generic methods have been discovered for continuously deforming matrix
groups and Lie algebras within the category of Hopf algebras. It is this development which
finally led to the arrival of quantum groups and quantum spaces [[{—[J].

From a physical point of view the most realistic and interesting deformations are given
by g-deformed versions of Minkowski space and euclidean spaces as well as their corre-
sponding symmetries, i.e. respectively Lorentz symmetry and rotational symmetry [14-[1g].
Further studies even allowed to establish differential calculi on these gq-deformed quantum
spaces [L9-RI] representing nothing other than g-analogs of classical translational symme-
try. In this sense we can say that g-deformations of the complete euclidean and Poincaré
symmetries are now available [RZ. Finally, Julius Wess and his coworkers were able to
show that g-deformation of spaces and symmetries can indeed leed to the wanted dis-
cretizations of the spectra of spacetime observables [, 4], which nourishes the hope that
q-deformation might give a new method to regularize quantum field theories [25§—p§].

1.3 Foundations of gq-deformed superanalysis

In order to formulate quantum field theories on g-deformed quantum spaces it is necessary
to provide us with some essential tools of a g-deformed analysis. The main question is
how to define these new tools, which should be g-analogs of classical notions. Towards this
end the considerations of Shahn Majid have proved very useful R9-B1]. The key idea of



his approach is that all the quantum spaces to a given quantum symmetry form a braided
tensor category. Consequently, operations and objects concerning quantum spaces must
rely on this framework of a braided tensor category, in order to guarantee their well-defined
behavior under quantum group transformations. This so-called principle of covariance can
be seen as the essential guideline for constructing a consistent theory.

In our previous work we have worked on symmetrized versions of quantum spaces that
are of particular importance in physics, i.e. Manin plane, g-deformed euclidean space with
three or four dimensions as well as g-deformed Minkowski space. In each case we have
presented explicit formulae for star-products [BZ], representations of symmetry generators
and partial derivatives [BJ], q-integrals [B4], q-exponentials [BJ] and g-translations [B€]. But
physics requires also antisymmetrized spaces, i.e. Grassmann algebras, since they consti-
tute an important tool in formulating supersymmetrical quantum field theories. In ref. [B7]
we started showing that our ideas for symmetrized quantum spaces carry over to antisym-
metrized ones as well.

Our goal now is to continue that program by providing explicit formulae for g-analogs
of Grassmann integrals, Grassmann exponentials and Grassmann translations. In addition
to this we are going to present formulae for braided products with supernumbers telling
us how antisymmetrized quantum spaces have to be fused together with other quantum
spaces.

The paper is organized as follows. In section f] we give a review of the concepts q-
deformed superanalysis is based on. Furthermore, we recall some important results of
ref. [B7. This is done to an extent necessary for our further studies. In section f] we
explain in detail how our general considerations apply to Manin plane. In sections [] and
we repeat the same steps as in section [] for g-deformed euclidean spaces in three and
four dimensions, respectively. Section [ is devoted to superanalysis on an antisymmetrized
version of g-deformed Minkowski. Finally, in section [] we give a short conclusion und
provide the reader with some interesting remarks about our new objects.

2. Concepts of gq-deformed superanalysis

As already mentioned, g-deformed superanalysis is formulated within the framework of
antisymmetrized quantum spaces. These quantum spaces are defined as modules of quasi-
triangular Hopf algebras which describe the underlying symmetry. For our purposes, it is
at first sufficient to consider an antisymmetrized quantum space as an algebra generated
by coordinates 01,62, ...,0™ which are subjected to

007 = —k(R)Y ,0%6" ke RT, (2.1)

where R denotes a representation of the universal R-matrix assigned to the underlying
quantum symmetry. This way, we get nothing other than g-deformed versions of Grassman
algebras.

Moreover, it is important to realize that our antisymmetrized quantum spaces satisfy
the so-called Poincaré-Birkhoff- Witt property, i.e. the dimension of a subspace of homoge-
nous polynomials should be the same as for classical Grassmann variables. This property



is the deeper reason why normal ordered monomials constitute a basis of our g-deformed
Grassmann algebras. Consequently, each supernumber can be represented in the general

form

FO=f+>", fxb, (2.2)

where #X denotes monomials of a given normal ordering.

For this to become more clear, the two-dimensional antisymmetrized quantum plane
shall serve as an example [B§]. By specifying the R-matrix in eq. (R.)) to that of U,(su2),
we obtain as defining relations of antisymmetrized Manin plane

(01 = (0*)* =0,
0'6> = —¢~16%0" (2.3)

showing the correct classical limit for ¢ — 1. Due to these relations, each supernumber can
be written in the general form (notice that the normal ordering of monomials is indicated
by the order in which coordinates are arranged in the symbol for supernumbers)

F(0%,0Y) = f'+ 110" + f20° + f2160%0" (2.4)

and the product of two such supernumbers finally becomes

(f-9)(0%0") = (f-9) + (- 910"+ (f - 9)20° + (f - 960", (2.5)
with
(f'g)/:f/g,a
(f'g)a:fag/+f/ga7 04:1727
(f-9)21 = fogr —q" ' g2 (2.6)

Similar results hold for the other antisymmetrized quantum spaces we consider in this

article [B7.

Next, we would like to come to the covariant differential calculi on our antisymmetrized
quantum spaces [@, , ] In complete accordance to symmetrized quantum spaces, there
exist always two covariant differential calculi. Their Leibniz rules take the general form

Ot = g — k(RN 0%, keC,
0p67 = g7 — kN (R) 14 0%0p, (2.7)
where g¥/ denotes the corresponding quantum metric (as reference, we provide a review of

key notations in appendix [A]). In the two-dimensional case, for example, the relations for
the first differential calculus read explicitly

R0 = 160}
0p0% = —¢~ 12 — 028} | (2.8)

050" = q'/* — 007 + \0%0} ,



050* = —q 16003 , (2.9)
where A = g — ¢!, leading to the following actions on supernumbers @]

(D)1 1> f(6%,0") = fr —q " fa0?,
(D9)2 > f(6°,01) = fo+ far6. (2.10)

However, in what follows it is necessary to take another point of view which is provided
by category theory. A category is a collection of objects X, Y, Z, ... together with a set
Mor(X,Y’) of morphisms between two objects X,Y. The composition of morphisms has
similar properties as the composition of maps. We are interested in tensor categories.
These categories have a product, denoted ® and called the tensor product. It admits
several 'natural’ properties such as associativity and existence of a unit object. For a more
formal treatment we refer to refs. [R9, B0, {q] or [[]]. If the action of a quasitriangular
Hopf algebra H on the tensor product of two quantum spaces X and Y is defined by

hl>(?)®w):(h(l)Dv)®(h(2)l>w)EX@Y, heH, (2.11)

where the coproduct is written in the so-called Sweedler notation, i.e. A(h) = h() ® h(y),
then the representations (quantum spaces) of the given Hopf algebra (quantum algebra)
are the objects of a tensor category.

In this tensor category exist a number of morphisms of particular importance that are
covariant with respect to the Hopf algebra action. First of all, for any pair of objects X, Y
there is an isomorphism Uy y : X®Y — Y ®X such that (¢9® f)o¥xy = Ux/ yro(f®g) for
arbitrary morphisms f € Mor(X, X’) and g € Mor(Y,Y”). In addition to this one requires
the hexagon axiom to hold. The hexagon axiom is the validity of the two conditions

UxyoVWyyz=VYxgyz, UxzoUxy =VYxygz. (2.12)

A tensor category equipped with such mappings Wy y for each pair of objects X,Y is
called a braided tensor category. The mappings Wx y as a whole are often referred to as
the braiding of the tensor category. Furthermore, for any quantum space algebra X in this
category there are morphisms A : X —- X ® X, S: X — X and ¢ : X — C forming a
braided Hopf algebra, i.e. A, S and ¢ obey the usual axioms of a Hopf algebra, but now as
morphisms in the braided category. For further details we recommend refs. [i(] and [43].
The explicit form of these morphisms is completely determined by the so-called L-
matrix [[[2, P4, B3]. The entries of the L-matrix are built up out of symmetry generators
and scaling operators. For the quantum spaces we study in this article, the explicit form
of the L-matrix can be looked up in ref. B7]. To be more concrete, we give as example the
non-vanishing entries of the £-matrix and its conjugate in the case of Manin plane:

(La)i = Ala)T™ 14,
(La)} = —gA\(a)7 /AT,
(Lo)% = Aa)T/*, (2.13)



and likewise

(Lo)3 = A (a)r/4, (2.14)

where 7¥1/4, T* and A(a) denote generators of the quantum algebra U,(suz) and a unitary
scaling operator, respectively.

Using the L£-matrix and its conjugate, the two distinct braidings of a quantum space
generator a’ can be obtained in the compact form

\Ifx,y(ai (L,
Lq

® f)=
Uily(@ @ f) = (L)) > @ d (2.15)

)iv f)®al,

j

Uxy(f®ad)=d @ (f (L)),

U (foa) =d @ (fa(La)}). (2.16)

There remains to evaluate the action of the £-matrix on the quantum space element f.
This can be achieved by making use of the representations presented in refs. B3] and [B7.

By repeated use of the identities in eq. (B.1J) we are able to calculate the braiding
between a monomial in Grassmann variables #' and an arbitrary element g of another
quantum space, i.e.

0"...00) 0 g=W(0...07 2 9)

= (L)l - (Lo)h, & g) @ (0% ..0%), (2.17)
GO0 ... 0 =T (g0 ...07)

= (0%...05) @ (99 (Lo, - (La)], ) -
gORO ... =T g ...09)

= (0% ...0") @ (g (L), - (La)], ) - (2.18)

7

Recalling that the braiding mappings are linear in their arguments, it should be quite clear
that the braiding of a supernumber with an arbitrary element g is completely determined
by the above identities. In the subsequent sections this observation will enable us to derive
explicit formulae for the braiding of supernumbers with arbitrary quantum space elements.
The resulting expressions are referred to as braided products for supernumbers.

Using £-matrices, the coproducts for quantum space generators a’ can be obtained in
the general form

Ap(a)=a'® 1+ (La);®al



Ap(a) =a' @1+ (Ly)s®a (2.19)

and the corresponding antipodes are then given by (if we assume for the counit (%) = 0)

SL(0") = —5(Lg); 07 . (2.20)

The essential observation for this paper is that coproducts of coordinates imply their trans-
lations [P2, f4-[€]. This can be seen as follows. The coproduct A on coordinates is an
algebra homomorphism. If the coordinates constitute a module coalgebra then the algebra
structure of the coordinates a' is carried over to their coproduct A(a?). More formally, we
have

Ad'a?) = A(a)A(a?)  and  A(h>d') = A(h) > A(d'). (2.21)

Due to this fact we can think of (R.19) as nothing other than an addition law for q-deformed
vector components. In this article we use this fact to derive translation operations for g-
deformed supernumbers.

Next, let us make contact with another important ingredient of g-deformed superanal-
ysis, i.e. gq-deformed Grassmann exponential. For this purpose we have to suppose that
our category is equipped with a dual object X* for each algebra X in the category. This
means that we have dual pairings

(,): X®X*—=C  with (e, f) =0a°, (2.22)

where {e,} is a basis in X and {f“} a dual basis in X*. Now, we are able to introduce an
exponential map [[i4] which is defined to be the dual object of (R.29). Thus, the exponential
is given by
exp: C - X*"® X, with exp:Zfa(X)ea. (2.23)
a

It was shown in ref. [B1] that there is such a dual pairing of Grassmann variables and
corresponding partial derivatives. Specifically, we have

() Mg@Mp—C  with  (f(Dg),9(0)) = £(f (D) > 9(0)) - (2.24)

If we know a basis of the coordinate algebra My being dual to a given one of Mgy, then
we will be able to read off from the definition in eq. (2.23) the explicit form of the qg-
exponentials. This task will be done in the subsequent sections for all quantum spaces
under consideration.

3. Two-dimensional quantum plane

In this section we present explicit formulae for elements of g-deformed superanalysis on
antisymmetrized Manin plane (for its definition see also appendix [A]). To begin with,
we introduce the notion of a left-superintegral. With the partial derivatives obeying the
relations in eq. (R.§) this can be done in complete analogy to the undeformed case:

/ F(6%,0%) 420 = (99)1 (D) > £(6%,60) = for . (3.1)



This integral shows the same properties as its classical counterpart. Thus, it is linear,
normed and translationally invariant. Linearity is clear because of the linearity of the
derivatives and the other two properties follow from its very definition, since we have

/020161%0:1, /Ho‘d%H:/d%H:O, a=1,2, (3.2)

and

/(ag)a > f(0%,00)di0=0, a=1,2. (3.3)

We could also have started our considerations with the conjugated partial deriva-

tives (Jp)a Whose representations are linked to those in (R:10) via the correspondence (see

ref. [B7))

ae—al

(Dp)a B f(01,0%) L —(9p)ar > f(6%,60V), (3.4)

a<—>0él

where o/ = 3 — . The symbol " denotes a transition between the two expressions via
the substitutions

/ / ’
a—a a—a a—a

Pt q—1/q 00/, 9@05 q—1/q 60/05’7 q q—1/q q_1’
i) . i,
f Hf/7 foz E qfa’7 faﬁq(—gfa’ﬁ’ a7ﬁ:172- (3-5)

The corresponding superintegral then becomes
/f(91,92) d20 = (9p)2(0p)1 & f(0",60%) = fra. (3.6)

Notice that in egs. (B.1]) and (B.6) the subscripts at the integration measure help us to dis-
tinguish the two types of superintegrals. Using the action of conjugated partial derivatives
on Grassmann variables, it is again straightforward to show that

/010%@0:1, /eadiaz/diazo, a=1,2, (3.7)
and
/(ag)a >f(04,60%) d20=0, a=1,.2. (3.8)

However, superintegrals can also be constructed from partial derivatives acting on a
supernumber from the right. Let us recall that left and right derivatives are related to each

other by (see ref. [B7)
£(61,6%) < (Bp)a =% —(p)ar & £(0,6%),

F(62,6") 2 (Dp)a 28 —(Dp)ar > F(6°,6), (3.9)

!
a—o o .
where «—— now stands for the transition

9o L2 gor - gagh a2 B ga’



f/ a—a’ f/, fa a“_’a/ fa’/’ fa’ﬁ M fﬁla/ . (310)

Using right derivatives, we can proceed in very much the same way as was done for left
derivatives. This way we introduce

/d%@ £(04,6%) = £(0*,0%) <1 (9)2(do)1 = fi2,
/dge f(6%,0Y) = £(6%,0") <(99)1(9p)2 = fo1 - (3.11)

The new definitions lead immediately to

/d%09102:1, /d%&@a:/dﬂezo,
/dgee%ﬂ:l, /dé@@“:/déezo, a=1,2, (3.12)

and
/d%ﬂ f(04,6*) <5 =0,
/dfqe fe% 0y 29*=0, a=1,2. (3.13)
Next, we come to the g-deformed superexponential. For its calculation we need to

know the dual pairing between partial derivatives and coordinates. Explicitly, we have as
non-vanishing expressions

((09)2,0%) 1. g = ((D0)1,0") 1 g = ((D6)1(Da)2, 670" ) g =1, (3.14)

which follow from the very definition of the dual pairing together with the action of partial
derivatives on Grassmann variables. From the above result we can at once read off the
elements of the two bases being dual to each other. Inserting these elements into the general
formulae for the exponential in eq. (2.23) we obtain as explicit form of the q-deformed
superexponential on Manin plane

exp(0p | (99)r) = 1@ 1+ 0" ® (99)1 + 0> @ (0p)2 + 670 @ (p)1(p)s - (3.15)
Repeating the same steps as before for the conjugated partial derivatives we get instead
((90)1:0") 1,1 = ((00)2,0°) 1, 1 = ((Dp)2(00)1,0"6%) ;= 1, (3.16)
and consequently
exp(Or | (99);) =1 @140 @ ()1 + 0% ® (Dg)2 + 010% @ (95)2(De)1 - (3.17)

The above two results together with those corresponding to unconjugated partial deriva-
tives establish the correspondences

!
a—a

— / Py
00,0) .1 (09.0) 11



!
a—a

exp(0 | (39)1) = exp(Or | (8p)7) (3.18)

ou—»o/

where the symbol 4% now denotes a transition via

Ha e (90/ s (39)04 — (é@)a/ s q < q_l . (3.19)

The above considerations on dual pairings and superexponentials are based on the use
of left derivatives, but they carry over to right derivatives as well with a few necessary
modifications. Towards this end, we have to realize that the definitions

(£(8),9(09)) 1.z = e(f(8) < 9(2y)),
e =c(f(0) <9(0)), (3.20)

give a dual pairing as well. Now, we can repeat the same resonings as above. This way we

get
<617a€1>L,R = <92,392> R — <91627 8«3391>L,R =1,
(0.0) 1.0 = {02, 03) 1. = (0200, 04R) 1. = 1 (3:21)
and
exp((9g) s | 0L) = 1@ 1+ 0) @60y + 03 @ Og + 0°0" @ 0165,
exp((ag)R ’ Hf,) =1®1+ 89 ® 01 + 3@ ® B9 + 8132 ® 60501 . (3.22)
Comparing these results to those for left derivatives shows us the existence of the crossing
symmetries
(0, 69>LR pat (Ds, >L,R’
(@, 89>LR gt (Dp, Dir (3.23)
and

exp((9) g | 01) <= exp(0 | (Fo)1)
exp((Dp)r | 07) <= exp(Or | (1), (3.24)
where phndiy indicates one of the following two substitutions:

a) (0p)a < ba, 0" — oy ,
b) (Bp)a = b0, 0% 5. (3.25)

Next, we would like to deal with Grassmann translations. As was pointed out in
section [ translations on quantum spaces are described by the coproduct, which on spinor
coordinates reads [B7]

A; () =0' @1+ A4 00" + ¢ INATVAT 0 62,

,10,



Az (0P =0*®1+Ar V@62, (3.26)

Notice that 7, T and A denote generators of U,(su(2)) and a scaling operator, respectively.
Now, we can follow the same reasonings already applied in ref. [B6. In this manner the
coproduct is split into two parts by introducing left and right coordinates:

AL(0%) =0"®1+ (Lg)5®0° =07 + 02, (3.27)

where
o =0rx1, 0= (Lo)j®0’, a=12. (3.28)

Since the entries of the £-matrix are built up out of symmetry generators, the commutation
relations between right and left coordinates can be derived in a straightforward manner
from the commutation relations between symmetry generators and Grassmann variables
(their explicit form was given in ref. [B7]). It follows that

010] = ~60}.

0,67 = —q~ 676, — g~ ' N6/ 07,

026, = —q 16,67,

0207 = —6702 . (3.29)
Furthermore, these relations imply

AL (6%0%) = AL(6%) AL(8") = (67 + 67)(6; + 6;)

= 070] + 070} + 020, + 020,

= 070] + 670! — q7'0}02 + 020, . (3.30)
Notice that in the last step we have switched all right coordinates to the right of all left

coordinates. Now, we are in a position to read off from the above results the explicit form

of a Grassmann translation. Specifically, it becomes for a supernumber written in the form

of eq. (2.4)
f0s19)

f(9l2 + 9%’ 9l2 + 9%)‘9?*“904’93*“1;04
= [f'+ f1(0" + 1) + f2(07 + 4%) + f21(6] + 67)(6] + 93)]9?H9a7ggﬁ\pa
— fl+f1(91 +¢1) +f2(92+¢2)+f21(9291 +92¢1 _q7191¢2+,¢)2,¢)1). (331)
For a proper understanding of the definition above, one should realize that substitutions
can only be performed after all right coordinates have been commuted to the right of an
expression.
In order to introduce translations in the opposite direction we need to consider the

antipode corresponding to the coproducts in eq. (B.2). On spinor coordinates this antipode
takes the form [B7]

Sp(0") = —A ' A0 4  PART AT 62,

— 11 —



S;(02) = A~1r1/492 (3.32)

However, what we are looking for is an antipode in terms of right or left coordinates. To
achieve this, we have to exploit the Hopf algebra axiom

mo(S®id)oA=mo(id®S)oA=¢, (3.33)

where m denotes multiplication in the Grassmann algebra. If we substitute for the coprod-
uct the expressions in eqgs. (B.27) and (B.3(), we arrive at

Sp(0%)+ 6% =0+ S;(0”) =0, a=1,2, (3.34)
and
Sp.(0%6") + Sz.(6%) 0" — g~ 157 (0) 0% + 670" =
020" + 0257 (0") — ¢710' Sz (0%) + Sz (6%6') = 0. (3.35)
This system of equations can be solved for S;(6%), a = 1,2, and S7 (6%6'), leaving us with
S;(6Y) = —0<, a=1,2,
S (0%0Y) = ¢26%0" . (3.36)
Finally, the last results allow us to introduce the following operation on supernumbers:
fer0) = Sg (f(6%,6Y)

= f'+ f15(0") + f2.51.(6%) + for S (6%6")
= ['= (10" = f20? + ¢ 2 f20%0". (3.37)
Our considerations about translations can also be applied to the opposite Hopf struc-

ture given by

ARETOAE, SRESE_l, (3.38)

where 7 denotes transposition of tensor factors. Right and left coordinates are now defined
by
0 =0 (Le)5, 0°=1®06%. (3.39)

Then we have for coproduct and antipode respectively
Ap(0%) =67 + 07, a=1,2,
AR(0'6%) = 01607 + 6}62 — ¢6760} + 6162, (3.40)
and
Sp(0%) = —0%, a=1,2,
Sg(0'6%) = 0102, (3.41)

Consequently, we find as corresponding operations on supernumbers

F0Dg0) =f" + 10" +¢") + fo(60° + ¥*)+

- 12 —



+ [12(0'67 4+ 0Mp* — g6y + 91y,
f(©R0) = f — [10" — f20° + ¢° f120"6>. (3.42)
From what we have done so far we can easily derive the crossing symmetries

a(—*al
q—1/q

AR7SR7@R76R «— s AL,SL,EBL,@L, (3.43)

with the transition symbol having the same meaning as in eq. (B.1§).

It would have been possible to begin with the other Hopf structure by starting with
the coproducts Ay, Agr and the antipodes S, Sg. However, the expressions for the corre-
sponding operations @©;, ©; and ©p, Op are obtained most easily by the transformation
rules

!
a—a

ALa SL,@LaQL QHl/q AL’ SL’ ®L’ @L )

a<—>0él

AR75R7@R7@R QHl/q AR7SR7€BR7 6]{7 (344)

as can be proven by a direct calculation.

Our final comment concerns commutation relations between supernumbers and arbi-
trary elements of other quantum spaces. In section ] we called formulae for calculating
such relations braided products. Recalling the identities in (R.17), we can conclude that
braided products for supernumbers take on the form

F0%601) 0, 9=9® '+ fo (La)i > 9) ©6° + for ((Le)2(Lo)s > g) ©676°,
gORFO%01) =f @g+0°® (9<(Le)F) fat (9<(Lo)2(Lo)}) 0707,  (3.45)

and likewise for the other braiding with the L-operator now substituted by its conjugate.
Notice that in the last two identities summation over all repeated indices is to be under-
stood. After having inserted the explicit form of the L-operator and then rearranging,

it follows that (for compactness, we have abbreviated monomials of ordering 626! by the
symbol #X)

FO 0 Opg=g0 f +Y (O ;= 9) @0%,

9 0 fO%0) = o9+ 0% (92(005,;). (3.46)
where
(Op)1 = A1 VA(fy — A faTT),
(Op)F = A1 g, (3.47)
(057 =A%, (3.48)
and

(Of)é = A71/4f1 )
Ar= Y (fo+ ¢ IANATT), (3.49)

—~
Q
~
SN—
S
I I
=
[\e}

(e (3.50)
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4. Three-dimensional g-deformed euclidean space

The three-dimensional antisymmetrized euclidean space (for its definition see again ap-
pendix [A]) can be treated in very much the same way as the two-dimensional quantum
plane. Thus we restrict ourselves to stating the results, only. In complete analogy to the
two-dimensional case we define left and right Grassmann integrals by

/ F07,6%,07) 420 = (95)_(99)3(Dp) 4 & F(67,6°,07) = frs .

/d%@ f(aia 93’9+) = f(97’93’ 9+) < (39)+(30)3(80)* = f,3+, (4'1)

where the actions of partial derivatives have been calculated in ref. [B7]. Again this defini-
tion has the consequence that

/0*939&20:1, /1d§9:/ef‘d§e:o,
/ 0T0%d3 0 = / 00 d30 = / 030-d30 =0, (4.2)

(we take the convention that labels which are not specified any further can take on any of
their possible values, i.e. in our case A € {+,3,—}) and

/d%90939+:1, /diﬂ:/di@%:o,
/d?j%é? 030" = /d%@ 66" = /d?j%é? 076 =0. (4.3)
As usual, translational invariance is then given by
/(89),4 > f(0F,0%,07)d10=0,
/d?;%e F(07,0%,6%) < (p)a=0. (4.4)

The corresponding expressions arising from the conjugated differential calculus are obtained
from the above ones most easily by applying the substitutions

d}0 — d30,  dho — dx0,
FO07,0°,07) < f(07,6%07),
04 = 0%, (Bp)a = (D0)a,

> >, qe 4, (4.5)
where we have introduced indices with bar by setting
(+’3a_) = (_?3a+) (46)

For this substitution to become more clear we give as an example

/(ag)+ o PO 0%,07) 20 o /(ég)_ 5 £(0-,0°,0%)d0. (@7)

- 14 —



Next we come to the superexponentials. From the pairings
((00)—-07) 1.7 = ((30)3,0°) L. = ((90)+,0") L
((00)-()3,0°0 )L =1,  {(B0)-(30)+. 070 ) R
((00)3(09)+,076%) g =1, ((09)—(00)3(09)+,070°07) . & 17 (4.8)

we can read off for the exponential an expression which is the same as in the undeformed

1,

case:

exp(Bp | (Op)r) =1@14+07 @ (9g)4 + 6> @ (99)3+
+ 0" ®(0)- +010° 2 (09)3(0)+ + 070~ @ (0p)— (Do) 4+

+ 030~ ® (8.9)_(39)3 + 0t630~ (% (3@)_(89)3(89)+ . (4.9)
In complete accordance with the considerations of the previous section we found as crossing
symmetries
+<—'17
<89, 9>L R — <89, 9>L R>
4o
(©.05)r.0 ™ (8:9) 1,1 (4.10)
~ s ~
(99,0 1. r < (8 99) . >
o
<Q€aQ>L,R — (Q,Q9>L,Ra (4.11)
and
+‘—1>7
exp(Or | (9p)) ' exp(0p | (9p)r)
e —
exp((9p)r | ) “ exp((9p)s | O1). (412)

exp(Or | (99)r) £ exp((9o)r | 07),
exp(0z | (89)1) £ exp((9p) | 0r) - (4.13)

e
q—1/q oy .
The symbol «— now denotes a transition via

0A<—>(9A, Og 07, q<_>q_1’
@0)* = (00)*,  (F0)a < (Dn)x, (4.14)

whereas £=5 stands for one of the following two substitutions:
(a) 64 < &4, dp — 04,
(b) 94 8A, 04 < 04. (4.15)

Now we concentrate our attention on the Hopf structure for Grassmann variables.
With its explicit form given in ref. [B7q] we can show that on a basis of normal ordered

monomials the expressions for the coproduct become

AL(64) =0 + 62, (4.16)

,15,



AL(070%) =076} + 0,0} — ¢*070, + 6,02,
AL(0=67) =6, e+ + 0,0} —q'0,0, + 6,0,
AL(0%0T) =070 + 630, — 420,02 + 630, (4.17)
AL(070%07) = 0,030 + 07030, + ¢°630,70, — ¢*0, 60,703+
+ 0,030, — ¢%670,70,; + ¢80, 0,702 + 6, 030,F . (4.18)

Notice that right and left coordinates are defined in complete analogy to the two-dimen-
sional case. The above results are consistent with the antipodes

Sp(04) = -4,
SL(0760%) = ¢*67 63, Sp(0=6T) =q¢'0 6T,
Sp(0%0%) = ¢'020t,  SL(076%0T) =890 . (4.19)

Making use of the crossing symmetries
b
Ar,Sp Az, Sy
b
Ar, Sp X Ag, Sg, (4.20)
Fer
Ap, S Ag, Sg,

e

A7, S; AR Sg, (4.21)

we are able to find the corresponding expressions for the other types of Hopf structures.
Now, the explicit form of the g-deformed addition law for supernumbers should be rather
apparent from what we have done so far. Thus it is left to the reader to write down the
explicit form of the operations @ and ©.

We conclude this section by presenting explicit formulae for braided products con-
cerning supernumbers represented in the form of eq. (R.4), where % shall now denote

monomials of ordering #7626~. Explicitly, we have
FOH6%67) 0 9=g0 F + Y ( L/L>g> LS

90 07,6567 = Fog+ Y 6%a (92(005,). (4.22)

where we introduced abbreviations for the following combinations of U, (sug)-generators:

(0p)f = A~ fort/?,
(03 = A (f3 + g\ fom/2LT),
(Op); = AN (forY2 4 M fa LT+ 2020 for2(LH)?), (4.23)

(Of)JLrg = A_2f+371/2 )
(0);™ = A 2(foe + My fram'PLT),
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(Op)8 = A 2(faur M2 — g AN fr LT+
+ NN fram (L)), (4.24)

(05 =434, (4.25)
and likewise for the second braiding

=AM LT+ g NN fT (L)),
(093 =AMfs+q "My fr'2L7),
), =Afr12, (4.26)

+ g2 V(L))
(O™ = A2 (fae + My fat'2L7),
(0% =N fs 7'/2, (4.27)

(OpF =Afis . (4.28)

where A = q+ ¢ L.

As in the two-dimensional case our formulae for braided products
require to know the actions of symmetry generators on quantum space elements. The

explicit form of these acions is already known from refs. B3] and [B7.

5. Four-dimensional g-deformed euclidean space

All considerations of the previous sections pertain equally to the antisymmetrized euclidean
space with four dimensions. For its definition and some basic results used in the following we
refer the reader to appendix [A] and ref. [B7]. To begin, we introduce Grassmann integrals by

/f(04, 63,62,0) d20 = (09)1(0p)2(3p)3(3p)a > F(6%, 63,02 01

= fi234, (5.1)
/ 240 £(01,07,6%,0%) = £(07,6%,6%.6%) <1 (90)4(D)3(89)3(On)2(D0)1
= faz21. (5.2)

Using the explicit form for the action of partial derivatives (see ref. [B7]), one immediately
arrives at

/9493929%&9:1, /aidiazo, i=1,...,4,
/6"9]’ dio=0,  (i,5) €{(4,3),(4,2),(4,1),(3,2),(3,1),(2,1)},

/ekelam dif =0, (k,1,m) € {(4,3,2),(4,3,1),(4,2,1),(3,2,1)}, (5.3)
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and
/d;ge 0162030 = 1, /d;ge 0t =0,
/d‘}%e 00 =0,  (i,5) €{(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)},
/d;ge 0k0le™ =0, (k,1,m) € {(1,2,3),(1,2,4),(1,3,4),(2,3,4)} . (5.4)
In the same way one readily proves translational invariance, i.e.
[ @i r(6%.6% 6% 6" ato —o.
/d‘}qe F(01,02,65,0%) <0 (8y); = 0. (5.5)
Applying the substitutions

10« di0, dR0 < d§0,
£(6',6%,6°,0%) — f(6%,6° 6% 0",
o' — 0", (B)i— (Op)y, P=i—5,
> >, Qe Q, (5.6)
to all of the above expressions yields the corresponding identities for the conjugated differ-

ential calculus.

Next, we turn to superexponentials. From the dual pairings

<(8¢9)i70i>L7R: 17 1= 17"'747 (57)

((00)1(9)2(09)3,0%0°0") ;. 2 = ((30)1(Dp)2(Da)a, 0°0°0") |

= ((09)1(9)3(99)4,0%0°0") . &
= ((99)2(09)3(06)4,0%6°0%) g =1, (5.9)
((D0)1(09)2(00)3()4,0°0°6°0") , 7 =1, (5.10)

we can deduce for the exponential

exp(f | (Op)r) =1® 1+ 0" ® (0p)1 + 0° @ (9p)2+
+ 0% (D)3 + 0" ® (9p)s + 0°6° ® (9p)3(0p)a+
+ 0%0? @ (09)2(0p)a + 010" @ (9p)1(0p)a+
+ 0°0" ® (99)1(0p)3 + 00" © (09)1(0p)2+
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+ 0%030% @ (09)2(0)3(0p)a + 0°0°0" © (9p)1(Dp)3(0p) 4+
+ 00%0" @ (99)1(9p)2(0p)a + 626%6" © (9p)1(0p)2(Dp)3+
+ 04636°0! & (89)1(89)2(89)3(89)4 . (5.11)

The other types of pairings and exponentials correspond to the above expressions through

ieri!

—1/
00,0) 1.1 = (25,0) LR

)

-/
i1

(@, é€>E,R U, )R s (5.12)
(09,0)1,1 <= (0,09) 1.2
<Q«9,Q>L,R = <Q, Q9>L,R, (5-13)

and

Y
141

exp(dr | (90)z) X exp(95 | (9o)1),

-/
i1

exp((9o)r | 07) X exp((9) 7 | 01, (5.14)

exp(Or | (99)7) &5 exp((Do)r | 07)
exp(0 | (99)1) £=5 exp((99) 7 | 61), (5.15)

e
q—1/q . L.
where «—= symbolizes the transition

0" 07, b; < 0y, qeq
(@0)" = (D0)". (D0)i = (Do) (5.16)
and £=5 stands for one of the following two substitutions:
(a) 0" <, d; — 0,
(b) 00, 0 0;. (5.17)

As we already know, Grassmann translations are determined by the explicit form of
the coproduct, for which we found in terms of right and left coordinates

Ap(@)=014+6, i=1,...,4, (5.18)
AL(676%) = 6]0F + 60F — qor07 + 070F
Ap(00Y) =616} +616F — *0t0! + 61072,
AL(0%0%) = 07607 + 6762 — 4?6307 + 0203 — ¢*\6}'0}
AL(0'6%0%) = 01676} + 06702 — 420} 0702 (5.19)

+ ¢*07070; + 010767 — 070,06,
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+ 3070102 + 010202 — ¢° 2066},
AL(0'6°0") = 6}670} + 0} 6702 — q06}0%

+ 4207010, — ab70,0; + ¢°0;0,0;

+ 0}0%0} +010%0"
AL(0?0°0%) = 07030} + 070707 — 2076207

+ 2016203 + 670302 — 4076163

+ 30760167 + 62020} — > 10/0}67

AL(0'60°0°0%) = 0/67670] + 6,07076; — 40, 076,'6; (5.20)

+ q°0167010 — g'6703610} + 067620

~ 201076201 + °0}01620 + 467076}

— q'0760/0,0; + ¢°070,0,0; + 067670,

— abP0,0707 + ¢°070,070; — *0/0,076]
+ 0,070707 — 4*X0,0/0;0;.

where
a=23, (J,k) € {(1,2),(1,3),(2,4),(3,4)}.
For the sake of completeness we wish to write down the expressions the accompanying

antipode gives on the same basis of normal ordered monomials:

L0 =—-6", i=1,....4, (5.21)
LB0) = 00",

SL(0'0™6™) = —q°6'6™ 0",

SL(01620%0%) = ¢'2016263¢4,

»nn W

with

(7,k) € {(1,2),(1,3),(1,4),(2,3),(2,4), (3,4}, (5.22)
(ILm,n) € {(1,2,3),(1,2,4), (1,3,4), (2,3,4)}.

The formulae for the other types of Hopf structures follow from

Ar,Sp AL ST, (5.23)

AR7SR %‘_’_1/;1 AR75R7
AL7 SL ‘iH_>1/(1 AR7 SR? (524)
A7, S; A Ss.

Last but not least we list expressions for braided products with supernumbers. In

general, we have

F01,0%6%09 0,990 7'+ (095, > 9) © 0%, (5.25)
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1 p2 p3 p4y\ _ K
90mR f0,0%0°0Y = f'o g+ 05® (99(00)7,).

where the sum includes all monomials of ordering '62636*, and the operators we introduced
in the above formulae are specified by the following combinations of U, (so4)-generators (for
their action on quantum space elements we refer again to refs. [BJ] and [B7)):

(05)}, = AKPKy P (fi + ahfo L + a3 L5 (5.26)
N LT LT),

(00} = ARy P12 (f2 — aAfuL),

(05)} = AK 2Ky VP (fs — oA L),

(Op)1 = A VPR P 1,

(Op)F = MK (f12 — gA14L3 — ¢*Afos L] (5.27)
— g\ fau(LF)),

(O9)1° = NK1(f13 — gAfraLf + A fos LT
- q)‘2f24(Lii_)2)7

Op)i' = A(fis = P Mful{ + AfaL),
2 = A%(fo3 — g fouLT + g\ f3uL3),

(01 = KKKy (fias — aM124L — qAfisaLg (5.28)
+ N fasa LT L),
(00)1* = KK, 2Ky (fiaa — aMfasa L),
(08 = B PK; Y (fisa + ahfosaLT),
(092 = o B3R V2K V2,
(Of)13 = fro3aAY, (5.29)

and likewise for the other braiding

(Op)t = A1k PRy, (5.30)
(05)3 =A~ 1K1/2K71/2(f2 —q 'ALY),
(093 = A KPRy (fs =  IARL),
(Ot = AU PR (fa+ g ALy — g ALy
q N f1Ly Ly),
(0p)F = fraA K5 (5.31)
OnF = flgA K,
(O =A2(fia + q "ANisLy +q *AfiaLy),
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(01)2 = A%(fos — ¢ *NfisLy +q *Afi2Ly),
(01)2* = A2 K1 (fo1 — MraLy — q "M fosLy
— N i(L7)?),

(07)3* = A 2K (f34 — MfraLy — qAfozLy

— ¢ "N fa(Ly)?),
% = fisA Ky PR, (5.32)
= A3KPK Y (froa + ¢ A fios L),
= A3k, PR P (fisa — a A fias Ly,
4= AK PRy (fasa — ¢ M fisaly + 4 A fraaLy

+ q N frasLy Ly),

(O05) P = frasa A4 (5.33)

Q
~

—~~ I~
S O
~
~—  ~— ~— ~—

o
~
%)
g

N S
=~

>

6. gq-deformed Minkowski space

In this section we would like to focus on antisymmetrized q-Minkowski space (its definition
is given in appendix [A]). If such a space is fused together with its symmetrized counterpart,
it gives a g-deformed superspace useful for physical applications. Again, we start with the
introduction of Grassmann integrals:

/f(e—, 63/°.6%,07) dio = —q 20, 099 "o > F(67,6%°,6°%,67T)

= f-3/03+ (6.1)
/djge F(67,0%°.6%,67) = —g2f(67,6%,6%°,67) < 5 )/ ° 930,

= f433/0,— - (6.2)

A direct calculation using the explicit form for the action of partial derivatives on super-

numbers [B7], shows for left superintegrals that
/ 0-0%°0307 dio =1,
/au dig =0, pe{+3/0,3, -1,
/ 667 d16 =0, / 0007 d6 = 0, (6.3)
with

(V’ p) € {(_’+)’ (_’3/0)’ (_’3)’ (3’ +)’ (3’3/0)’ (3/0’ +)}’
(a7ﬁ7’7) € {(_73/073)7 (_73/07+)7 (_737 +)7 (3/0737+)}' (6'4)
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and likewise for right superintegrals,

/ dho 676303/%°9~ =1

/d‘};ﬁ " =0,

/ dL0 6767 =0,

M € {+737 3/07 _}7
/ d%0 6°6°97 =0,
where
(Va P) € {(+’ _)’ (3/0’ _)’ (3’ _)’ (+’ 3)5 (3? 3/0)’ (+a 3/0)}’
(a7 ﬁ?fy) € {(37 3/07 _)7 (+7 3/07 _)7 (+7 37 _)7 (+7 37 3/0)}'
In the same way we can prove translational invariance given by
/ag > f(07,0%°,0% 07) dio =0,
/d;ga F(01,6%,0%°.67) <9 = 0.
By performing the substitutions
10 < di0, dR0 «— d30,
F(0,6%,6%0,0%) < £(6%,0%,6%°,07),
FOF.60%°.6%,07) — f(67,6%°,6°,6%),
9:‘: A 9:':’ ( )i - (89):':’ q < q_la
>« >, <« 4,

we get the corresponding expressions for the conjugated differential calculus.

(6.5)

(6.6)

(6.7)

(6.8)

It is not very difficult to find out that the two bases described through the pairings

below are dual to each other:

O 0 ) .5 = —4, @°, 6% r =1,
<8ga 93/0>L,R — 15 <60_79+>L,R = _qi

(0505 070 ). = 1,
(05 0,°.6°0%) L = —a ", (089;°,0%°6°) 1 =
(0505 076°) 1 p = 20° X7,

(0805 05,07 6%°6°) s = ¢
(0505 30,5, 6070°63°0%) 5 = —¢.

By virtue of these identities, the exponential is given by

exp(f7 | (Bp)r) =191 —q 0" ©0; +6°2 9" +6*° 2 0§

,23,

@0, ,.076%) 5 = —q,

n ae,e%*m:zx !

q (0,050 ,076%0%), =1,
(0, 989;/°,0%/°6%0%) | 5 = q, (05 B0 ,070°07), p = =290,

(6.9)

(6.10)

(6.11)

(6.12)



— 0t RO, +07 0" 00,0 —q 000y 0 —

— 460" @0, 0" — 26%°6° @ 8905 +

+ %qﬁhe*eo ® 00, + %mom ® 0, 0g+

+ q72070%°0° © 030, °0F +070%0" © 0, 8,0 +

+ 410%™ @ 9, 050" - %q_l)\+0_009+ ® 0y 00y —

— ¢*070*°0%0" @ 9, 300, 0 . (6.13)

Furthermore, we have the crossing symmetries through

4 —
A -1/
<Q07Q>E,R g <Q079>L,R7
4 —
A -1/
(0,90)1 T, )R> (6.14)
<QG7Q>E,R = <Q7 éG>E,R7
(99:9) 1.2 2510, ). (6.15)
and
+‘—1'/—
exp(Or | (9p)z) “ exp(fz | (9p)L)
4 —
exp((9p)r | 07) 2 exp((F) | 01), (6.16)

exp(07 | (9)r) <= exp((9p) | 01), (6.17)

where the transition symbols have the very same meaning as in section .
Next we would like to provide formulae for the coproduct of Grassmann variables. On

a basis of normal ordered monomials we have found
Ar(6") =01 + 0%, we {+,3/0,0,—, }, (6.18)
AL(O76%0) =607/ + 6,763/° — ¢=26700:F + 0767/°, (6.19)
AL(OT0°) =000 + 0,700 — 070 + 6,700+
+OANT16103/0 — 210 00
AL(OTO7) =00, + 6,70, — ¢ 20,0} + 6,6, +
+ NG00,
AL(6%°6°%) = 0%/069 1 67/°90 — ¢~26963/° 4 63/°90+
+ANT0Y003/0 — 2667
AL(6%097) =0%°07 + 07/°0; — q726;63/0 + 63/%,
AL(0°07) =000, + 600, — 0, 0% + 6°0, +
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AL (016%/°9%)

AL(676%%7)

AL(670%7)

AL(6%°0%7) =

AL(6763/°9%)

—6;r6;°6, + 0 6%, —

=0;67°000, + 0,606, —

+ N0 — g2l 03/,

—6:70%7°0) + 0,6/°60 — =26, 6063/0+

+ ¢ 207900, +
+ 0703960 + A0 070030 — 2066 67,
a20,0;6%° 1+ =6 %0; 6 +

01703/°60 — 42670, 0"

+ 6:703%0 — ¢262%0: 6 + g6, 0,163/ + 6:63/%6;,
=06000, + 0,600, — 0,707 0° + ¢ 72600, 0, +
+ 0,020, — 000,70, + q 20, 0,700 + 0,50%, +

+ ANT010700 + g IAN1 00006304

+ 100070 + gh(gh — 2)6, 0,670+

+ NG00 — 2g72aN160 00 0, —

— g IAN10Y003/000 1 g A6 0,630,

670600, + g~ 606, 63/° — 67/ 6, 60—

— ¢ 2000300 + 720, 03/°00 + 03/%0°0, +

+ ¢ 36007030 4 20766,

B0} 00

— q16)°000,607 + a6 006, 6Y/° + 676 000, —

— a0 00000, + a6, 6, 0307 + 426,070, 6, —
a167°076:0° + ¢=56060, 67 03/° + 6063000, —

— ¢726}°6;16°%; + q72606,63/°6; + ¢~ 6, 6;16%/°6+

+ 67639600 — 3¢*ANT16, 6700 60+

+ g 2160700300 — ¢ 2N6T 600 —

EANT10Y00701630 + 2T 10700;63/06; .

+q2000:03/0+

(6.20)

(6.21)

The expressions for the corresponding antipodes of our normal ordered monomials are:

SL(676%°6%0~

where

€ {(+,
€ {(+,3/0,0), (+,3/0,—), (+

( o+

’ 1% € {+,3/050,_},

)
S1(06°) = —29V9P
S1(0°0°07) = —q~ 5020797,
) 7129+93/09097

_)’ (3/0’ _)’ (0’ _)’ (+’ 0)’ (3/0’ 0)’ (+’ 3/0)}’

0,—),(3/0,0,—)}.
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Notice that monomials with unspecified indices have to refer to the ordering 8763/°9%9.
In complete analogy to the previous sections, one can check the crossing symmetries

o
q—1/q

Arp, S, — A, Sr,
+eo—

AR, Sk © AR, S, (6.24)

+o—
q+1/q

Ar, S, +—— ARg,Sr,
+om

A7, S; A Ss. (6.25)

Finally, let us come to expressions for braided products concerning supernumbers.
Such braided products can be calculated from

f(9+, 93/0,90’ 9_)QL/E9 =g® f’ + ZK <(Of)%/i > g) & 955
90 FO7,6%°,0°,07) = Fog+ Y 050 (9905 ;) (6.26)

For brevity, we introduced the following combinations of symmetry generators (for their
action on quantum spaces see again refs. [B3] and [B7]):

(O)F =R T2 fr 0% = 20 fy0 51 (6.27)
— N TS 4 ¢ fo (T 0% + ¢SV,
0pY° =k [—qg/QMlmh T? + fapo7'—
- )\_T_lfo ()\2T7T2 + q(T1 — 02))—i—
4o 2 AT — q_lSl)],

(0% =A(foo? =g 218,
(057 =AE)V2(= NP fo T2 + £ Y,

O =R Frgo + a7 AT o (07 = D+
+ q*1/2)\)\;1/2f+_ (T~ — ¢ 1S'0?)—
- q*1/2)\>\;1/2f3/070 (1T~ + sto?)+
i q_l)\2f3/07_ (S1)2+
O fo (T7)2 — q72(51)2)]’

(O = A2 72 | 10 (0% = a7 2N2 1, 8%0%)

— ql/Q)‘)‘i/zfg/o,o Slo2 4 )\2)\+f3/07_ (51)2_
— oo (5h?,

(05}~ =A? [—q”QMlmho T202 + fo_ (14 A2T28%)+
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+ g\ fa00 TS — g3 2ANY? f0 'S
I q1/2)\)\;1/2f0_ (T~ + q*37151)],
(Of)iz/QO — A2 [(_q3/2)\)\11/2f+0 T202 4+ gA\2f,_T2S)+
+ Fajo0 (L+@NT?SY) = g7 AN fyy 7'M+
+ g VPN o (T 4 g8
(Of)iz/oﬁ :A2(73)1/2 [qG)\Z)\;lerO (T%)2—
_ q7/2)\>\;1/2f+7 271 4+ q9/2)\>\:r1/2f3/0’0 T2+
+ oo (PP a7 AT oo (L= (7).
Op)f =N fo,
(Of)ZL’g/O’O = A3 (73712 {f+,3/0,0 0% — q71/2)\>\;1/2f+,3/0,7 St—
— ¢ PP from (T 0% + NG - A0S+
+ >\2f3/0,0,— TS,
(Of)JLﬁg/O’_ =A° [—q5/2>\)\;1/2f+,3/0,0 T? + fi 30T +
+ AT o (PNTTT? + g7 (1= ¢?A)(0® = 7))+
+ q73/2)\)\4:1/2f3/0,0,7 (T77" 4+ (¢* = Ap)Sh|,
(07)7°" =A%(fro-0? — q73/2)\>\i/2f3/0,0,7 s,
(00" =R (=g faom T2 + fago0- 7,

(0¥ = frsp00-AY, (6.28)
and

(09 =AY (fr 0 — V202 fo S, (6.29)
(Of)§/0 :A71(7_3)71/2 [—q1/2>\)\;1/2f+ (T+O'2 + q7-3T2)+
+ f300° + foWTTS +¢7 (77! = 0?))—
_ q1/2)\>\;1/2f7 51},
(00§ =AM T2 (=g PP F T2 4 fo(7) 7',
(Of)f _ At [q2)\2f+ T2+ _ q3/2)\)\i/2f3/0 T2_

= PN fo (gt = 1)+ £

(O) 50 = K72 712 £y a0 (022 + 47 AT o (72 = (02)2) -
— PP S0 g PN fa 00 510+
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n qz)\z)u—rlfo_ (51)2)] ’
O =A2()f40,
(0p); =A"" [_q3/z)\)\1+/2f+73/0 T?0%+

+ @2 i (T20% — ) + foo (14 ¢PNT2SY)—
= a0 T8" - 202y 718,
(Of)?im0 =A [ql/Q)‘)‘i/Qfﬁs/o T?0%—
— qNf_T?SM + f300 (1+ NT25N)+
T2 (M2 St - (T2 4 P T)))
(Of)?i/oﬁ :/1*2(7'3)1/2{ SA2f, 30 (T%)%+
+ NN fro (P 7HT)? = (T7%)%) -
1/2)\)\ 1/2 ((7_3) I+ 4 gT2r 1)+
+ "2 12 f3/00(T271 q(7°) ') -
— A oo (1= ()]
(00)§” =A72 )2 G NN f1 70 (1) = N2 fr0 (1%)7 =
q5/2>\)\+1/2f+7 27 4 q3/2>\)\+1/2f3/070 271 4 fo_ (7_1)2 ,
)7 =R (F1 000" + a WA fro- S1)
(0)7 Y07 = R3NP 500 (T7 = a(r?) M T 0?)+
+ frapo- ()0 4+ PN fyp0- ()71
“ AT o (@170 = @A) TITESY)
(00" :A_g(Tg)l/z(qg/Q)\)\i/Qer,s/o,o T? + fro- '),
(O0)7""" =A=' N f 1 300 T + a0 F g0 T7=

ql/Q)\All/Qero— (¢ 'T* + T + f3/0,0, Tl] ;

(Of){,s/o,o— =A""f1 3700 (6.30)

7. Conclusion

Let us end with a few comments on our results. In the last four sections we have provided
g-analogs for elements of superanalysis. In doing so we have realized that on g-deformed
quantum spaces Grassmann integrals, Grassmann exponentials and Grassmann transla-
tions can be constructed in complete analogy to the classical case. That this analogy is a
really far reaching one can also be seen from the fact that translational invariance of our
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integrals implies rules for integration by parts:
[ 1@ 104 9@ d30 = [ 170) < @)l 90) 3o,
[ 815© < @0)419®) = [ @30 1©) (@04 > 9(0)]. (71)

For this to verify, one has to take into account that

fO>g) =0 > [(f <91))dl,
(f<9)g = [f(9q) > g)] <0 (7.2)

Furthermore, it should be stressed that translational invariance of our Grassmann integrals
can alternatively be expressed as

(10 [-ai6) 0 ans@ = ([ i01) 0 2ns®

- [ 1@ . (7.3)
<1®/ %9-> o Apf(8) = </ %9'®1> o ALf(0)
~ [ @ 1. (7.4

The above statements can be proved in a straightforward manner by insertion of the explicit
expressions for superintegral and coproduct. Let us also notice that in ref. [iJ] this property
was taken as abstract definition for an integral on quantum spaces. In our case, integrals
are given by explicit instructions being compatible with the requirement of translational
invariance.

Next, let us make contact with g-analogs of d-functions. For a §-function on g-deformed
Grassmann algebras we require to hold:

[r@s, 4,0 [ 6,0 10 43,01
/ R/Raf( ) R/R( ) /dR/RQ(S;Lz/R(H) f(Q) :f/- (7-5)
It is not very difficult to show that these requirements are satisfied by

(a) (quantum plane)

Z(0) = 6°0",
2(0) = 60162, (7.6)

53 (0) = 6%(0) = 076%™,
03(0) = 6%(0) = 0760, (7.7)
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(¢) (four-dimensional euclidean space)

R
1(0) = 0'6%0%0%, (7.8)
(d) (q-deformed Minkowski space)

5L(0) = 076°06%,  sh(e) = 0+0%6* %",
01(0) = 070°°0%",  GR(0) =07 6°0°%0". (7.9)

Last but not least we would like to say a few words about the connection between
g-deformed superexponentials and translations of g-deformed supernumbers. That trans-
lations on quantum spaces are indeed given by the coproduct can also be seen from the
existence of some sort of g-deformed Taylor rules for which we have [f4]

f(W@,0) =exp(Yr | (0p)r) 5 f(O),
f(W @5 0) =exp(Yg | (Op)r) > f(8), (7.10)
fODRY) = f(8) <exp((Fg)r | ¥L)s
fODrY) = f(8)dexp((Op)g | L) (7.11)

Again, these identities can be verified in a straightforward manner making use of the explicit
form for the superexponentials and the action of derivatives on antisymmetrized quantum
spaces.
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A. Quantum spaces

In this appendix we list for the quantum spaces under consideration the explicit form of
their defining relations and the non-vanishing elements of their quantum metrics.

The coordinates of two-dimensional antisymmetrized Manin plane fulfill the relation
B3, k7

0102 = —¢ 1620 (A.1)
The q-deformed spinor metric is given by a matrix ¢ with non-vanishing elements

12 —-1/2
)

ef=q e = —¢1/2, (A.2)

,30,



Indices can be raised and lowered as usual, i.e.
0% = c*0h;, Oo = €00”, (A.3)

where g;; = —¢".
The commutation relations defining an antisymmetrized version of three-dimensional
g-deformed euclidean space read

() = (67)* =0,

(03)2 = X070,
0T~ =—-070T,
0F60° = —¢2030+. (A.4)

The non-vanishing elements of the corresponding quantum metric are
g =—¢, ¢¥=1 g FT=—¢" (A.5)
Covariant coordinates can be introduced by

04 = gapb”®, (A.6)

with gap being the inverse of g4%.
For antisymmetrized g-deformed euclidean space with four dimensions we have the
relations

(69)? =0, i=1,...,4,

0102 = —¢16%0",

0103 = —¢ 160",

0204 = —¢19%2,

0304 = —q16%0%,

0'0* = —%0!,

0°0° = —6°0° + X0'6", (A7)

and its metric has the non-vanishing components
4 — 4
git=qt 9P =¢"=1 g'=q (A-8)

The generators of antisymmetrized g-deformed Minkowski space [[Ld, [L7, RI]| are subject
to the relations

(GM)Q - 07 JURS {+7 _70}7
939:|: — _qZFQH:I:93’

0363 = A6 O,
ot~ = —6-6+
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070° + 0°0F = +¢TINF03,
0993 + 030° = N6~ (A.9)
Instead of dealing with the coordinate 63 or 6° it is often more convenient to work with
the light-cone coordinate 63/0 = 63 — 9, for which we have the additional relations
(6% =0,
9i93/0 — _93/09i
6993/ + 93/9¢° = _\ot 0,
aiao + qi2909i _ iqilAaiaii/O’
030°/0 + 63/°93 = X0t~ (A.10)

Finally, we write down the non-vanishing entries of the matrix representing q-deformed
Minkowski metric:

B=1, gtt=-q npt=-¢" (A11)
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